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ABSTRACT
Magnetic fields in red giant stars remain a poorly understood topic, particularly in what
concerns their intensity in regions far below the surface. In this work, we propose that gravity-
dominated mixed modes of high absolute radial order and low angular degree can be used to
probe the magnetic field in their radiative cores. Using two poloidal, axisymmetric configura-
tions for the field in the core and the classical perturbative approach, we derive an analytical
expression for the magnetic frequency splitting of these oscillation modes. Considering three
distinct red giantmodels, withmasses of 1.3M, 1.6M and 2.0M, we find that a field strength
of 105 G is necessary in the core of these stars to induce a frequency splitting of the order of a
µHz in dipole and quadrupole oscillation modes. Moreover, taking into account observational
limits, we estimate that magnetic fields in the cores of red giants that do not present observable
magnetic splittings cannot exceed 104 G. Given the general absence of observable splittings in
the oscillation spectra of these stars, and assuming that present mode suppression mechanisms
are not biased towards certain azimuthal orders and retain all peaks in each multiplet, our
results lead us to conclude that internal fields with the considered configurations and strengths
above 104 G are not prevalent in red giants.
Key words: asteroseismology – stars: oscillations – stars: magnetic field – stars: interiors –
stars: low-mass.
1 INTRODUCTION
Magnetic fields in stars remain one of the most enigmatic topics
in stellar astrophysics. In the last 70 yr, powerful techniques such
as the Zeeman effect (Babcock 1947; Donati & Landstreet 2009)
and spectropolarimetry (Donati et al. 1997) have made possible the
detection and measurement of magnetic activity in a plethora of
stars. Of relevance are the detections in Ap and Bp stars, which host
large-scale surface magnetic fields in the range 0.1 − 100 kG (Au-
rière et al. 2007), and A and OB-type stars, that possess small-scale,
weak magnetic fields (B . 100G) (Lignières et al. 2009; Cantiello
& Braithwaite 2011), as this dichotomy raises important questions
regarding the formation process of fossil fields (e.g. Braithwaite &
Spruit 2017). The aforementioned techniques, however, are limited
to stellar surfaces, and therefore the issue of magnetism in the in-
terior of stars remains mostly unexplored. In what concerns this
uncertainty, asteroseismology has revealed itself capable of provid-
ing valuable insights and predictions.
In solar-like oscillators, turbulent convection in near-surface
layers generates waves that propagate inwards throughout the star
? E-mail: pedro.david.gomes@tecnico.ulisboa.pt
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and interfere to construct an oscillation mode pattern (e.g., Aerts
et al. 2010). These modes can be acoustic, if the force responsible
for restoring the star to equilibrium is pressure, or gravitational, if
the restoring force is gravity (through buoyancy). Mixed oscillation
modes also exist, possessing properties of both pressure and grav-
ity modes. Although pressure modes have higher frequencies and
live in the stellar envelope, often called the p-mode cavity, gravity
modes have lower frequencies and can be used to obtain valuable
insights about the stellar core, the g-mode cavity (e.g., Chaplin &
Miglio 2013). This sensitivity of the oscillation modes to the dif-
ferent regions inside stars is what allows the asteroseismological
probing of stellar interiors at different depths, including the infer-
ence of magnetic field strengths and structure; for some time it has
been known that weak magnetic fields lead to the splitting of the
frequencies of the oscillation modes (e.g., Ledoux & Simon 1957;
Biront et al. 1982; Roberts & Soward 1983). This effect has been
studied for the case of the Sun in what concerns acoustic and grav-
ity modes (e.g. Gough & Taylor 1984; Gough & Thompson 1990;
Rashba et al. 2007), Ap stars (Dziembowski & Goode 1985), slowly
pulsating B-stars (Hasan et al. 2005), β Cephei stars (Shibahashi &
Aerts 2000) and white dwarfs (Jones et al. 1989).
In the recent years, the sheer wealth and amount of data col-
lected by the CoRoT (Baglin et al. 2007) and Kepler missions (e.g.
© 2020 The Authors
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Figure 1. Illustration of the magnetic field lines of the poloidal field configuration proposed by Roberts (1981), expression 6 (left figure) and by Kamchatnov
(1982), expression 7 (right figure) throughout the stellar radiative core, delimited in orange.
Gilliland et al. 2010; Chaplin et al. 2011; Serenelli et al. 2017) has
led to an enormous up-growth of knowledge regarding the struc-
ture and constitution of stars and allowed the testing of theories of
stellar evolution and seismology. This has certainly been the case
in what concerns red giant stars. Following the cessation of nuclear
reactions in the core at the end of main-sequence (MS) phase, the
stellar envelope expands, whereas the core contracts and the star
ascends the red giant branch (RGB). This duality leads the acoustic
modes in the convective envelope to couple with the gravity modes
in the radiative core, forming a very rich and complex mixed-mode
pattern that can be used to probe the star in all its extension (e.g.,
Chaplin & Miglio 2013). Mixed modes in red giants have proven
to be extremely useful in measuring core rotation rates (e.g. Beck
et al. 2012), distinguishing between stars undergoing hydrogen or
helium burning (Bedding et al. 2011) and understanding the im-
portance of rotation and convective overshooting in the core via
period spacings (Lagarde et al. 2016). Recently, it has also been
proposed that strong magnetic fields can be detected in the cores of
red giants showing depressed oscillation modes (Fuller et al. 2015;
Cantiello et al. 2016) although such conclusions were called into
question by Mosser et al. (2017). The processes of field generation
and conservation in the interior of these stars are still largely unex-
plored, with only a few works discussing dynamo mechanisms in
the envelope to explain isotopic abundances in their atmospheres
(Busso et al. 2007; Nordhaus et al. 2008) and some theories that
resort to fossilised fields to explain magnetism in their radiative
cores (e.g Cantiello et al. 2016). Confirmed detection of magnetic
activity in red giants is, such as the majority of stars, limited to their
surfaces, with several dozens exhibiting magnetic fields detected
by spectropolarimetry, ranging from the sub-Gauss to the tenths of
Gauss (Konstantinova-Antova et al. 2014; Aurière et al. 2015).
Studies of the character of mixed modes in red giants reveal
that a high number of these stars have mixed modes dominated by
gravity (e.g Stello et al. 2009). Hence, they behave almost as pure
gravitymodes and can be used to probe the physical conditions in the
stellar core. With this in mind, we derive an expression for the mag-
netic splitting of gravity-dominated (g-dominated) mixed modes in
red giants by a weak core magnetic field. Using this expression, we
estimate the core field strengths that would lead to a measurable
frequency splitting in the oscillation spectra. This work is organ-
ised as follows − in Section 2 we start with the general discussion
of magnetic frequency splittings, and elaborate on the chosen field
configurations used in our treatment of the problem, based on the
numerical simulations performed by Braithwaite (2007). We then
derive the aforementioned expression, which is similar to the one
found byHasan et al. (2005) andRashba et al. (2007).We also briefly
address rotational splittings, and end this section with a discussion
of the limitations of our approach. In Section 3, we explain the
chosen stellar models and present the results for the core magnetic
field strength that would produce observable frequency splittings,
sufficiently distinguishable from the ones induced by rotation, for
dipole and quadrupole mixed oscillation modes. Moreover, we pro-
ceed to do the same for a splitting below the frequency resolution,
thus establishing constraints on the core magnetic field strength of
red giants that do not show magnetic splittings in their oscillation
spectra. Lastly, in Section 4, we discuss these results.
2 SPLITTING OF THE OSCILLATION MODES
2.1 Splitting by a magnetic field
The presence of a magnetic field can modify the oscillation mode
pattern by introducing a magnetic frequency splitting. If the mag-
netic field is weak enough that the splitting is small in comparison
with the spacing between unperturbed modes and that it does not
significantly affect the fluid motions, a perturbative treatment is jus-
tifiable, and, in these conditions (e.g., Unno et al. 1989) the splitting
δω is
δω
ω
= − 1
8piω2I
∫ [(∇ × B′) × B + (∇ × B) × B′
+
ρ′
ρ
B × (∇ × B) ] · ξ∗ dV . (1)
In this expression, ω is the angular frequency of the mode, B
is the magnetic field vector, ρ is the density, and the same primed
symbols denote their eulerian perturbations. In turn, ξ is the dis-
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placement vector in the nonmagnetic unrotating star, given by, in
spherical coordinates (r, θ, φ),
ξ(r, θ, φ, t) =
(
ξr (r)Y`m, ξh(r)
∂Y`m
∂θ
, ξh(r)
im
sin θ
Y`m
)
eiωt (2)
if torsional motions are not considered, where ξr (r) and ξh(r)
are the radial and horizontal displacement functions, respectively.
As usual,Y`m are the spherical harmonics functions of angular degree
` and azimuthal order m, and t is the time. In turn, I is the mode
inertia:
I =
∫ (
ξ2r + `(` + 1)ξ2h
)
ρ r2 dr . (3)
Assuming a stationary magnetic field in the absence of mag-
netic diffusion, the perturbation to the magnetic field, B′, can be
obtained from the induction equation:
B′(r, θ, φ, t) = ∇ × (ξ × B) . (4)
Using this expression, the first term inside the integral in ex-
pression 1 can be written as (e.g., Unno et al. 1989)
− [ (∇ × B′) × B] · ξ∗ = |B′ |2. (5)
In all subsequent algebra, we omit the factor eiωt . Although
the perturbed magnetic field B′ is time-dependent, we are interested
in computing |B′ |2, and since |eiωt | = 1 we opt to omit this factor.
2.2 Magnetic field configurations
In this work, we consider two poloidal configurations aligned with
the axis of rotation for the magnetic field in the radiative core.
We make no assumptions regarding the formation or conservation
process of this field, we simply assume it exists and that the chosen
configurations are representative of its poloidal component. The first
was proposed by Roberts (1981) and, in the spherical coordinate
system, takes the form
B1(r, θ, φ) = B02
(
cos θ (5 − 3x2), sin θ (6x2 − 5), 0
)
(6)
where B0 is a constant term, x = r/R is the normalised radial
coordinate and R is the stellar radius. This field is illustrated on
the left side of Fig. 1 and, because of its resemblance to a uniform
magnetic field, was considered for its simplicity. The second field
configuration was proposed by Kamchatnov (1982),
B2(r, θ, φ) = B0
(
cos θ
(1 + y2)2 ,
sin θ(y2 − 1)
(1 + y2)3 , 0
)
(7)
where y = x/c, c being a constant. The field lines for this
configuration are shown on the right of Fig. 1.
The choice of these two fields was motivated by the numerical
analysis carried out by Braithwaite (2007) in what concerns hydro-
dynamical stability in the presence of rotation. The author concluded
that these field configurations were always unstable, regardless of
the angular velocity of rotation and the angle between the rotation
axis and the axis of the magnetic field. The instability of purely
poloidal or toroidal fields had already been demonstrated analyti-
cally (e.g. Tayler 1973; Markey & Tayler 1973; Wright 1973) and
reinforced by numerical simulations. However, these simulations
also reveal that a dynamical stable state can be achieved if both
components exist and have similar strengths (e.g., Braithwaite &
Spruit 2004; Braithwaite & Nordlund 2006). According to Braith-
waite, the second field falls in this category and can be stable (in the
absence of rotation) if an adequate toroidal component is consid-
ered. In other words, a mixed configuration involving this poloidal
component is plausible. Although relatively simple and posterior
mixed configurations have been proposed (e.g., Duez & Mathis
2010; Duez et al. 2010; Loi & Papaloizou 2017), including very
recent ones (e.g., Prat et al. 2019, 2020; Loi 2020) they generally
demonstrate a functional similarity with those used in this work,
for instance, in what concerns the angular dependence of the radial
component with cos θ and of the latitudinal component with sin θ.
Besides, even if we were to consider a mixed configuration for the
sake of stability, our results would not change greatly, as the toroidal
component makes little contribution to the splitting in comparison
with the poloidal counterpart (which is explained in the following
section). The choice of these two fields also has the advantage that
it leads to a relatively simple analytical expression for the magnetic
frequency splitting.
We make no assumptions regarding the magnetic field in the
stellar envelope, for two reasons: first, because red giants possess
convective envelopes, and therefore the study of the field in this
region must be based on a dynamo theory, something that is not
within the scope of this work. Secondly, and most importantly, our
calculations are performed for red giants in more advanced stages
of evolution in the RGB, for which the g-dominated mixed modes
possess most of their inertia in the core (this can be seen for one of
the stellar models in Section 3) and are not strongly affected by the
physical conditions in the envelope. The whole reasoning carried
out in this paper would not be valid, for instance, for red giants at the
base of the RGB, where a significant fraction of the mode inertia
still resides in the envelope. Thus, without loss of generality, we
take the field in the envelope to be zero, and consider only the field
in the core for our calculations 6 and 7).
2.3 Gravity-dominated mixed modes
In this work, we use the general expression for B′ presented by
Rashba et al. (2007), which can be found in the Appendix, expres-
sion A1. For the two considered fields, each of the components of
the perturbed magnetic field can also be found in the Appendix,
expressions A6 - A8, as well as a more detailed explanation on the
approximations that follow.
Expression 1 can be simplified by taking into account that,
in a large number of red giant stars, the mixed oscillation modes
are dominated by gravity (e.g Stello et al. 2009). These modes
have, in the standard Eckart-Scuflaire-Osaki-Takata scheme (Eckart
1960; Scuflaire 1974; Osaki 1975; Takata 2006), high absolute
radial orders |n| ≡ |np − ng |, where np and ng are the number
of nodes of the radial displacement function ξr in the regions where
the mode behaves like a p-mode or a g-mode, respectively. For
modes of high |n| and angular frequency ω  N, S` , where N is
the Brunt–Väisälä frequency and S` is the Lamb frequency for a
mode with angular degree `, the JWKB approximation is valid and
the horizontal and radial displacement functions can be written,
respectively (e.g. Unno et al. 1989; Aerts et al. 2010)
ξh(r) ' − A ρ−1/2 r−3/2 [`(` + 1)]−1
(
N2
ω2
− 1
)1/4
sin
[∫ r
r1
`(` + 1)
r
(
N2
ω2
− 1
)1/2
dr ′ − pi
4
] (8)
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ξr (r) ' A ρ−1/2 r−3/2
(
N2
ω2
− 1
)−1/4
cos
[∫ r
r1
`(` + 1)
r
(
N2
ω2
− 1
)1/2
dr ′ − pi
4
] (9)
where A is a constant and r1 is the lower bound of the g-mode
cavity. The ratio of the amplitude of the horizontal displacement to
the radial displacement is
 `(` + 1)ξhξr
 ∼ (N2ω2 − 1)1/2 (10)
which is much greater than unity throughout most of the radia-
tive core, where N  ω. Hence, since |ξh |  |ξr |, the oscillations
occur mostly in the horizontal direction, and the mode inertia, ex-
pression 3, can be simplified:
I ' `(` + 1)
∫
ξ2h ρ r
2 dr (11)
In turn, since the modes have very high absolute radial orders
|n|, the terms involving the derivatives of the horizontal displace-
ment, ∂ξh/∂r , are very large in the core in comparison with terms
involving ξh and ξr . This can be seen by differentiating ξh with
respect to the radial coordinate, which leads to the emergence of the
factor (N2/ω2 − 1)1/2  1, that makes such terms dominant. Be-
cause of this property of the modes, expression 5, that corresponds
to the first term in the integral of expression 1, can be simplified to
|B′ |2 '
(
B0
R
)2  1x ∂∂x (x fi(x) ξh)2
( cos θ ∂Y`m∂θ
2
+ m2
cot θ Y`m2 ) (12)
where, once more, B0 is a constant, R is the stellar radius, x is
the normalised radial coordinate, f1(x) = (5 − 3x2)/2 for the field
given by expression 6 and f2(x) = 1/(1+(x/c)2)2 for the field given
by 7. In the integral of expression 1, this first term is dominant in
comparison with the remaining, as it is quadratic in the derivatives
of ξh whereas the second scales with ∂ξh/∂x and the third with ξh .
Hence, expression 1 reads
δω
ω
=
1
8piω2
(
B0
R
)2
I C`,m (13)
where
I =
∫  1x ∂∂x (x fi(x) ξh)2 x2dx
`(` + 1)
∫
ξ2
h
ρ x2 dx
(14)
with i = 1, 2 concerning the fields 6 and 7, respectively, and
the coefficients C`,m are
C`,m =
∫ ©­«
cos θ ∂Y`m∂θ
2 + m2 cot θ Y`m2ª®¬ sin θ dθ. (15)
Given the insensitivity of these coefficients to the sign of the
azimuthal orderm, the effect of the field is to lift the degeneracy and
produce ` + 1 eigenmodes (Ledoux & Simon 1957). This result is,
of course, only relevant for non-radial modes; since the azimuthal
order varies from −` ≤ m ≤ `, and for radial modes one has ` = 0,
then δω = 0 and there is no degeneracy. Expression 13 and the
following are similar to the ones found by Hasan et al. (2005) and
Rashba et al. (2007) for the splitting of the frequencies of g-modes
in a B-star model and in the Sun, respectively.
As wementioned in Section 2.2, althoughmagnetic fields must
have both poloidal and toroidal components to be stable, the toroidal
component would cause a much smaller splitting than the poloidal
one. A toroidal magnetic field alignedwith the rotation axis has only
one nonzero component, the azimuthal one, and using expressionA1
in the Appendix for B′ it is straightforward to see that for such fields
the dominant term in the integral of expression 1 is |ξh |2. This term is
much smaller than the term involving |∂ξh/∂x |2, that emerges from
the poloidal component, and negligible by comparison. Therefore,
we do not expect the toroidal counterpart of the field to make a
significant contribution to the splitting and we can safely discard it.
2.4 Splitting by rotation
The presence of rotation also leads to the splitting of the frequencies
of the oscillation modes. Assuming that the angular frequency of
rotation Ω is only a function of the radial coordinate, Ω = Ω(r), the
rotational splitting is (e.g., Aerts et al. 2010)
δω = m
∫ R
0
Kn`(r)Ω(r) dr (16)
where Kn` is the rotational kernel
Kn` =
[
ξ2r + `(` + 1)ξ2h − 2ξr ξh − ξ2h
]
r2ρ∫ R
0
[
ξ2r + `(` + 1)ξ2h
]
r2ρ dr
. (17)
In the case of uniform rotation, the rotational splitting simpli-
fies to δω = mβn` Ω, where βn` is the integral of the rotational
kernel over the radius of the star. Separating the contributions to
the splitting from the core and the envelope and assuming that the
former rotates much faster than the latter (thus neglecting the con-
tribution of the envelope to the splitting of the frequencies), the
rotational splitting for g-dominated mixed modes is (Mosser et al.
2012b; Goupil et al. 2013)
δω ' m 〈Ωc〉
(
1 − 1
`(` + 1)
)
ζ , (18)
where 〈Ωc〉 is the kernel-averaged angular velocity in the core
〈Ωc〉 =
∫ rc
0 Ω(r)Kn`(r) dr∫ rc
0 Kn`(r) dr
(19)
rc is the radius of the core, and ζ is the ratio of the mode
inertia in the core to the total mode inertia, ζ = Ic/I ' 1. Hence,
if the core is rigidly rotating, the splitting of g-dominated modes is
roughly of the same order of magnitude as the core angular velocity.
Rotational splittings have been measured in a plethora of red giants,
and they typically range between the hundredths and tenths of µHz
(e.g. Mosser et al. 2012b).
2.5 Limitations
In the derivation of expression 13 for the splitting of the eigenfre-
quencies of red giant stars by a magnetic field in the core, a set of
MNRAS 000, 1–10 (2020)
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Figure 2. HR diagram for 1.3M , 1.6M and 2.0M stars (blue, red and
green curves, respectively) from the MS to the tip of the RGB. The black
dots indicate the chosen moments during red giant evolution to study the
splitting of the frequencies of the oscillation modes by a magnetic field in
the core. For the 1.3M this corresponds to an age of 4.522 Gyr, and to the
1.6M and 2.0M to an age of 2.196 and 1.109 Gyr, respectively.
assumptions was made that needs explanation with regard to their
limitations:
(i) Firstly, as mentioned in the first paragraph of Section 2, expression
1 holds when the effect of the magnetic field on the frequencies is to
cause a splitting that is small when compared to the spacing between
unperturbed modes. If this is not the case, i.e., if the perturbation is
large enough that the frequency of the perturbed mode approaches
an adjacent unperturbed mode, then the latter needs to be included
in the calculation of the splittings, as it can significantly contribute
to the perturbed mode. In this event, quasi-degenerate perturbation
theory should be used. This has been studied by Kiefer et al. (2017);
Kiefer & Roth (2018), who, using an ansatz derived by Lavely &
Ritzwoller (1992) for calculating the coupling strength between os-
cillation modes in the context of quasi-degenerate perturbation the-
ory, have obtained an analytical expression for the coupling strength
in the form of a general matrix element. According to the authors,
this matrix element can, in turn, be used to construct a supermatrix
whose eigenvalues consist on the perturbed frequencies, and the
eigenvectors can be used to obtain the perturbed eigenfunctions. In
resume, expression 1 is obtained by using a standard, linear per-
turbation analysis, which may break down for a large number of
stars. In those cases, it is necessary to consider a generalized per-
turbation approach, for which the coupling of the modes can not be
disregarded.
(ii) Secondly, as also mentioned in the first paragraph of Section 2, we
assume that the magnetic field does not severely impact the motion
of the fluid. As was suggested by Fuller et al. (2015) and further
developed by Lecoanet et al. (2017) and Loi & Papaloizou (2018),
magnetic fields may significantly influence gravity wave propaga-
tion or even disrupt it. These authors concluded that magnetic fields
with strengths above a critical value, not strong enough to alter the
stellar structure, can lead to the transfer of energy of gravity waves
into magnetic waves, which eventually dissipate once they propa-
gate to regions where the magnetic field is weaker. Our results for
the field strength that can cause an observable frequency splitting,
presented in Section 3, are very close or may even be on the verge
of exceeding this critical field strength for which there is this regime
change. Should this be the case, the assumption that the perturbed
eigenfunction is small when compared to the unperturbed eigen-
function is no longer true, and perturbation theory breaks down.
Thus, there is the need to assume that the magnetic field does not
impact gravity wave propagation significantly and that, in this con-
text, expression 1 holds.
(iii) Thirdly, there is the assumption that the effects of the magnetic
field do not have to be accounted for in the stellar structure. Since
expression 1 is obtained in the context of a perturbative analysis, one
of the starting points is that the magnetic field does not significantly
alter the structure of the star and that the equilibrium state depends
on the balance between pressure gradients and gravity. In the case
of red giant stars, this is a realistic assumption, as the contraction
of the radiative core throughout the evolution leads to extremely
high central pressures, and the pressure gradients are orders of
magnitude above the Lorentz force; this was verified by considering
typical field strengths of 105 G, motivated by our results discussed
next. However, if this were not the case, it would be necessary to
take into account the effects of the magnetic field on the equilibrium
model.
Due to these limitations, our results are only expected to hold
when the magnetic field is relatively weak (below the critical field
strength mentioned in the second point). Nevertheless, as is rein-
forced multiple times in this paper, the purpose of the presented
results and the subsequent discussion is to provide possible esti-
mates for the order of magnitude of magnetic field strengths in the
cores of red giant stars.
3 THE STELLAR MODELS
The stellar models considered in this work were constructed using
MESA (Modules for Experiments in Stellar Astrophysics), release
10398 (Paxton et al. 2011, 2013, 2015, 2018, 2019). We used the
prescription of Fuller et al. (2015) and evolved three red giant mod-
els, with masses 1.3M , 1.6M and 2.0M , from the MS to the
RGB. In Fig. 2 we show the respective HR diagram, where the
black dots indicate the chosen moments in the models’ evolution to
study the splitting of the frequencies of the oscillation modes by a
magnetic field in the core. These values for the masses were chosen
to cover the range of masses of the red giant population observed
by the Kepler space mission. To obtain the frequencies of the oscil-
lation modes, we started by estimating the frequency of maximum
power νmax usingwell-known scaling relations (e.g., Belkacem et al.
2011). Afterwards, we proceeded to compute the eigenfrequencies
closest to these values, using GYRE 5.1. (Townsend & Teitler 2013)
in the adiabatic regime with the default boundary conditions. We
chose three distinct frequencies for our analysis, the middle-valued
one being the closest to the estimated νmax.
In the top plot of Fig. 3 we show the propagation diagram
in normalized mass coordinates for the 1.6M model, at an age
of 2.196 Gyr and with an estimated νmax = 123 µHz (horizontal
MNRAS 000, 1–10 (2020)
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Figure 3.Top: propagation diagram for a red giantmodel with an initial mass
of 1.6M , at an age of 2.196Gyr and estimatedνmax = 123µHz as a function
of the normalised stellarmass. The blue curve is theBrunt–Väisälä frequency
and the red and green curves are the Lamb frequency for dipole (` = 1)
and quadrupole (` = 2) modes, respectively. The horizontal black line is
the frequency of maximum power νmax, estimated from scaling relations.
The blue region is the g-mode cavity and the red region is the p-mode
cavity for dipole modes. Bottom: scaled horizontal and radial displacement
eigenfunctions, blue and red curves, respectively, for a dipole mode with
ν = 123µHz and absolute radial order |n | = 98.
C1, |1| −C1,0
|n | ν (µHz) Bcore,1 (MG) Bcore,2 (MG)
1.3M
100 118.41 0.258 0.259
89 130.16 0.298 0.299
80 141.40 0.337 0.339
1.6M
108 113.66 0.241 0.243
98 123.00 0.269 0.270
88 133.89 0.331 0.332
2.0M
90 84.77 0.496 0.498
80 93.07 0.570 0.572
70 102.71 0.669 0.670
Table 1. Value of the magnetic field strength in the core of 1.3M , 1.6M
and 2 M red giant models necessary to produce a frequency splitting of
1µHz in the frequencies ν of mixed dipole (` = 1) modes with absolute
radial order |n |, for the chosen field configurations. Bcore,1 concerns the
first field, given by expression 6, whereas Bcore,2 concerns the field given
by expression 7.
black line). The blue curve is the Brunt–Väisälä frequency and
the red and green curves are the Lamb frequency for dipole (` =
1) and quadrupole modes (` = 2), respectively. The blue-shaded
region corresponds to the g-mode cavity, where the oscillations are
dominated by gravity. This is evident in the bottom plot, where the
horizontal and radial displacements are shown (the blue and red
curves, respectively) for the dipole oscillation mode with frequency
closest to the estimated νmax and absolute radial order |n| = 98. As
can be seen, throughout the radiative core |ξh |  |ξr |, and, given
the high absolute radial order, |∂ξh/∂x |  |ξh |, |ξr |, which were
the base assumptions for the derivation of expression 13. This type
of reasoning, of course, holds for the other two models as well.
As mentioned in Section 2.4, rotational splittings in red giants
are typically in the range 10−2 − 10−1 µHz (Mosser et al. 2012b).
With these values in mind, we determined the necessary magnetic
field strength in the core to induce a 1 µHz splitting between modes
with the same angular degree ` and different azimuthal order m,
sufficiently distinguishable from the splitting caused by rotation.
Although the mixed-mode pattern in red giants is intricate and the
task of disentangling rotational splittings is highly non-trivial, an
automated method for doing so has already been carried out by
Mosser et al. (2015) and subsequently put into practice (e.g. Vrard
et al. 2016). Therefore, the presence of an extra, magnetic splitting
of 1 µHz should be distinguishablewith relative ease from rotational
splittings. The results of our calculations for dipole and quadrupole
modes are shown in tables 1 and 2, respectively, for the three chosen
frequencies in each model. The notation C`,m′ − C`,m denotes the
difference ν`,m′ − ν`,m and Bcore,i, with i = 1, 2, denotes the field
value in the core that would make this difference equal to 1 µHz.
In what concerns the field configuration given by 7, we chose the
constant c as the location of the edge of the radiative core, which
occurs approximately at 0.1R for the 1.3M and 1.6M models
and at 0.13R for the 2.0M model. As can be seen, for the dipole
modes with frequencies closest to the estimated νmax, we find that
magnetic fields with strengths B ' 105 G are necessary to produce
a splitting of 1 µHz. This order of magnitude is the general trend for
the other modes as well. Modes with increasing |n| require lower
field strengths to become split, and, as such, they are better suited to
infer about the strength of the magnetic field in the core. This does
not come as a surprise, as g-dominated mixed modes with lower
frequencies have more of their inertia in the core and are more
sensitive to the physical conditions of that region.
In the absence of observable magnetic splittings in the oscil-
lation spectra of red giants, we can establish constraints to the core
magnetic field by performing the same calculations for a frequency
splitting below the frequency resolution, which is approximately
11.5 nHz (Mosser et al. 2012b). With this in mind, we estimated
the necessary field strength to produce a splitting of 11 nHz in the
frequencies of the same oscillation modes. The results for dipole
and quadrupole modes are shown in tables 3 and 4, respectively,
and we find that the field has to be limited to a strength of the order
of 104 G. This value thus constitutes an upper limit to the core mag-
netic field in red giants in which no frequency splittings of magnetic
origin are observed.
4 DISCUSSION
Themain goal of this work was to study magnetic fields in the radia-
tive cores of evolved red giant stars using asteroseismology. Mixed
oscillation modes in red giants are g-dominated, which means they
can be used to probe the stellar core and obtain valuable information
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C2,0 −C2, |1| C2,0 −C2, |2| C2, |1| −C2, |2|
|n | ν (µHz) Bcore,1 (MG) Bcore,2 (MG) Bcore,1 (MG) Bcore,2 (MG) Bcore,1 (MG) Bcore,2 (MG)
1.3M
180 118.57 0.305 0.307 0.153 0.154 0.176 0.177
162 130.12 0.352 0.355 0.176 0.178 0.203 0.205
147 141.47 0.399 0.402 0.200 0.201 0.231 0.232
1.6M
196 112.69 0.274 0.276 0.137 0.138 0.158 0.159
177 123.39 0.313 0.314 0.156 0.157 0.180 0.181
162 133.24 0.351 0.353 0.175 0.176 0.203 0.204
2.0M
163 84.75 0.583 0.585 0.292 0.293 0.337 0.338
147 92.72 0.673 0.676 0.337 0.338 0.389 0.390
132 101.65 0.766 0.768 0.383 0.384 0.442 0.443
Table 2. Value of the magnetic field strength in the core of 1.3M , 1.6M and 2 M red giant models necessary to produce a frequency splitting of 1µHz in
the frequencies ν of mixed quadrupole (` = 2) modes with absolute radial order |n |, for the chosen field configurations. Bcore,1 concerns the first field, given
by expression 6, whereas Bcore,2 concerns the field given by expression 7.
C1, |1| −C1,0
|n | ν (µHz) Bcore,1 (kG) Bcore,2 (kG)
1.3M
100 118.41 27.1 27.2
89 130.16 31.2 31.4
80 141.40 35.4 35.6
1.6M
108 113.66 25.3 25.4
98 123.00 28.1 28.3
88 133.89 34.7 34.8
2.0M
90 84.77 52.0 52.2
80 93.07 59.8 60.0
70 102.71 70.1 70.3
Table 3. The same as in table 1 but for a frequency splitting of 11 nHz.
about the physical conditions of that region. Since magnetic fields
are known to produce a splitting of the frequencies of the oscilla-
tion modes, magnetism deep in the interior of red giants could be
inferred via this imprint.
We considered two distinct poloidal and axisymmetric field
configurations in our analysis, which, along with the well-known
perturbative approach, we used to derive an analytical expression
for the magnetic frequency splitting of low angular degree and high
absolute radial order g-dominated mixed modes. This expression
shows effectively that the effect of the field is to lift the degeneracy
imposed by spherical symmetry and split the frequencies of modes
of angular degree ` into ` + 1 eigenmodes, as also found in the
work of Hasan et al. (2005) and Rashba et al. (2007) for g-modes
in slowly pulsating B-stars and the Sun, respectively. As explained
in the Subsection 2.5, his analysis has some limitations, such as the
disregard of the coupling of adjacent eigenmodes and the effect of
themagnetic field on the propagation of gravitywaves.Nevertheless,
we believe that these limitations do not compromise our results.
Using the aforementioned expression, we proceeded to infer
magnetic field strengths in the cores of red giant stars.We considered
three red giant models with masses of 1.3M , 1.6M and 2.0M ,
which we believe are representative of the ensemble of evolved
low-mass red giants observed by the Kepler space mission. Our
calculations suggest that a central field strength of 105 G should
produce a splitting of the order of a µHz in the frequencies of
dipole and quadrupole oscillation modes. This splitting is in the
observable range and is sufficiently distinguishable from rotational
splittings. Moreover, we find that, in the absence of observable
magnetic splittings, the magnetic field in the core must be limited to
strengths of the order of 104 G. This result is a constraint to the core
magnetic field in red giants that do not exhibit frequency splittings of
magnetic origin in their oscillation spectra. Although the considered
configurations are purely poloidal and therefore unstable, and the
ideal arrangement would be a field with both poloidal and toroidal
components, we do not expect our conclusions to be greatly altered
by the absence of the toroidal counterpart, as themagnetic frequency
splitting is much more sensitive to the poloidal component.
Inwhat concerns other studies of this nature, Fuller et al. (2015)
and Cantiello et al. (2016) proposed the existence of strong fields
(B & 105G) in the cores of red giants showing depressed dipole
modes (Mosser et al. 2012a; Stello et al. 2016) in order to explain
this phenomenon. Although this is a very interesting and appealing
scenario, according to our results a field strength of the order of
105G should produce an observable frequency splitting, which was
not observed experimentally in the analysis conducted by Mosser
et al. (2017). In this work, the authors investigated a specific group
of red giants with depressed but still measurable dipole modes,
and found no evidence of magnetic splittings; in comparison with
the mixed-mode pattern of a set of reference stars, which do not
exhibit this feature, no significant differences apart from the mode
amplitudes were observed. Therefore, under the assumption that the
mechanism responsible for causing the mode suppression affects
all azimuthal orders m equally, our results combined with these
observations suggest that fields of the order of 104 − 105 G are
not common throughout the cores of red giant stars. Effectively, if
this mechanism were to selectively remove some eigenmodes of a
multiplet while keeping others, the failure to observe either could
be interpreted as a total absence of splitting; thus, there is the need
to assume that the mechanism is not biased towards some values
of m. This is a very possible scenario, given that the anisotropy of
magnetic fields can perfectly lead to a suppression mechanism that
depends onm, assuming, of course, that thismechanism is caused by
magnetism and not by some other phenomenon. We hope that in the
future, with the analysis of the data collected by the already on-going
TESS space mission (e.g. Ricker et al. 2015) and the forthcoming
PLATOmission (e.g. Rauer et al. 2014), experimental observations
may shed some light on the subject of magnetism in the interior of
stars, and allow this phenomenon to be better understood.
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C2,0 −C2, |1| C2,0 −C2, |2| C2, |1| −C2, |2|
|n | ν (µHz) Bcore,1 (kG) Bcore,2 (kG) Bcore,1 (kG) Bcore,2 (kG) Bcore,1 (kG) Bcore,2 (kG)
1.3M
180 118.57 32.0 32.2 16.0 16.1 18.5 18.6
162 130.12 37.0 37.3 18.5 18.6 21.3 21.5
147 141.47 41.9 42.2 21.0 21.1 24.2 24.4
1.6M
196 112.69 28.8 28.9 14.4 14.5 16.6 16.7
177 123.39 32.8 32.9 16.4 16.5 18.9 19.0
162 133.24 36.9 37.0 18.4 18.5 21.3 21.4
2.0M
163 84.75 61.2 61.4 30.6 30.7 35.3 35.4
147 92.72 70.7 70.9 35.3 35.5 40.8 40.9
132 101.65 80.3 80.6 40.2 40.3 46.4 46.5
Table 4. The same as in table 2 but for a frequency splitting of 11 nHz.
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APPENDIX A: THE PERTURBED MAGNETIC FIELD
In this appendix, we discuss in more detail the components of the
perturbed magnetic field, expression 4, and explain our reasoning
behind the derivation of expression 13.
In spherical coordinates (r, θ, φ), the perturbed magnetic field
can be written (Rashba et al. 2007)
B′(r, θ, φ, t) = [(B · ∇)ξ¯r − (ξ · ∇)Br − Br (∇ · ξ)] er
+
[
(B · ∇)ξ¯θ − (ξ · ∇)Bθ + Bθ ξ¯r − ξ¯θBrr − Bθ (∇ · ξ)
]
eθ
+
[
(B · ∇)ξ¯φ − (ξ · ∇)Bφ +
Bφ ξ¯r − ξ¯φBr
r
+ cot θ
(Bφ ξ¯θ − ξ¯φBθ )
r
− Bφ (∇ · ξ)
]
eφ
(A1)
where, as mentioned in the main text, B is the magnetic field
vector, ξ is the displacement vector, expression 2, and
ξ¯r (r, θ, φ, t) = ξr (r)Y`m eiωt , (A2)
ξ¯θ (r, θ, φ, t) = ξh(r)
∂Y`m
∂θ
eiωt , (A3)
ξ¯φ(r, θ, φ, t) = ξh(r)
im
sin θ
Y`m eiωt , (A4)
where ξr and ξh are, respectively, the radial and horizontal dis-
placement functions, the functions Y`m = Y`m(θ, φ) are the spherical
harmonic functions of angular degree ` and azimuthal order m, ω
is the angular frequency, and t is the time coordinate.
In this work, we considered two distinct poloidal field configu-
rations for the magnetic field in the stellar core, expressions 6 and 7,
illustrated, respectively, on the left and right of Fig. 1. These fields
are of the form
B = B0 ( f (x) cos θ, g(x) sin θ, 0) , (A5)
where B0 is a constant, x = r/R is the normalised radial co-
ordinate, R is the stellar radius, and g(x) = (−1/2x)∂(x2 f (x))/∂x.
For the first field, f (x) = (5 − 3x2)/2, whereas for the second
f (x) = 1/(1 + (x/c)2)2, where c is a constant. Plugging the previ-
ous expression in A1 yields the following components,
B′r =
B0
R
[
ξh(x)
x
f (x)
(
`(` + 1) cos θ Y`m + sin θ
∂Y`m
∂θ
)
− ξr (x)
2x2 sin θ
∂(sin2 θY`m)
∂θ
∂(x2 f (x))
∂x
]
eiωt
, (A6)
B′θ =
B0
R
[
cos θ
∂Y`m
∂θ
1
x
∂
∂x
(x f (x) ξh(x))
− sin θ Y`m
1
2x
∂
∂x
(
ξr (x) ∂
∂x
(x2 f (x))
)
− m
2
sin θ
Y`m
ξh(x)
2x2
∂(x2 f (x))
∂x
]
eiωt
, (A7)
B′φ = im
B0
R
[
cot θ Y`m
1
x
∂
∂x
(x f (x) ξh(x))
− ξh(x)
∂Y`m
∂θ
1
2x2
∂
∂x
(x2 f (x))
]
eiωt .
(A8)
Aswas pointed out extensively throughout themain text, red gi-
ant stars possess gravity-dominated mixed modes, and therefore the
displacement from the equilibrium configuration occurs mostly in
the horizontal direction. Additionally, since these modes have very
high absolute radial orders (|n|  0), in the perturbedmagnetic field
the terms involving the derivatives of the horizontal displacement ξh
are very large. This is explained in Section 2.3, using analytical ex-
pressions for ξh and ξr , obtained via the JWKB approximation, and
in Section 3. Such terms are present only in the angular components
of the perturbed field, B′θ and B
′
φ , where they appear multiplied by
cos θ (∂Y`m/∂θ) and cot θ Y`m, respectively. In these conditions, the
first term in the integral of expression 1 dominates over the other
two, and it can be written
|B′ |2 '
(
B0
R
)2 cos θ ∂Y`m∂θ 1x ∂∂x (x f (x) ξh(x))
2
+
(
m
B0
R
)2 cot θ Y`m 1x ∂∂x (x f (x) ξh(x))2
=
(
B0
R
)2  1x ∂∂x (x f (x) ξh(x))2
( cos θ ∂Y`m∂θ
2
+ m2
cot θ Y`m2 )
(A9)
as in expression 12. The second and third terms in the integral
of expression 1 can be neglected, as they scale, respectively, with
∂ξh/∂x and ξh . In addition, since |ξh |  |ξr |, themain contribution
to the mode inertia, expression 3, is the term containing ξ2
h
, and the
overall expression for the splitting 1 can be written
δω
ω
=
1
8piω2
(
B0
R
)2
I C`,m (A10)
where
I =
∫  1x ∂∂x (x f (x) ξh)2 x2dx
`(` + 1)
∫
ξ2
h
ρ x2 dx
(A11)
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C`,m =
∫ ©­«
cos θ ∂Y`m∂θ
2 + m2 cot θ Y`m2ª®¬ sin θ dθ. (A12)
These expressions are very similar to the ones found in the
works of Hasan et al. (2005) and Rashba et al. (2007), for the
case of gravity modes in slowly pulsating B-stars and in the Sun,
respectively.
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